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Contemporary Mathematics
Representations of reduced enveloping algebras and cells in
the affine Weyl group
J.E. Humphreys
Abstract. Let G be a semisimple algebraic group over an algebraically closed
field of characteristic p > 0, and let g be its Lie algebra. The crucial Lie
algebra representations to understand are those associated with the reduced
enveloping algebra Uχ(g) for a “nilpotent” χ ∈ g∗. We conjecture that there
is a natural assignment of simple modules in a regular block to left cells in the
affine Weyl group Wa (for the dual root system) lying in the two-sided cell
which corresponds to the orbit of χ in Lusztig’s bijection. This should respect
the action of the component group of CG(χ) and fit naturally into Lusztig’s
enriched bijection involving the characters of CG(χ). Some evidence will be
described in special cases.
In order to explain the conjecture, we have to review some facts about three
logically independent topics:
(A) cells in affine Weyl groups,
(B) nilpotent orbits,
(C) Lie algebra representations in characteristic p > 0.
Subtle connections between (A) and (B) have been discovered by Lusztig, while
connections between (B) and (C) have emerged over several decades (notably in
the work of Kac–Weisfeiler, Friedlander–Parshall, Premet, and others cited below).
We hope to build further links between (A) and (C), with the goal of finding a
representation-theoretic model for Lusztig’s formal conjecture in [22, §10].
Notation varies considerably in the literature (and sometimes clashes). Our
conventions here start with a simple, simply connected algebraic group G over an
algebraically closed field K of characteristic p > 0. Let T be a maximal torus and
W the Weyl group. Denote by Φ the root system, with positive system Φ+ relative
to a simple system ∆. The character group X = X(T ) is the full weight lattice for
Φ. Let Q = ZΦ be the root lattice.
1. Cells in affine Weyl groups
1.1. First we recall some basic results about cells. These arise in the work
of Kazhdan and Lusztig on arbitrary Coxeter groups and their Hecke algebras, but
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here we focus just on the case of affine Weyl groups. (See Lusztig’s papers [18]–[22]
as well as Shi [31], Xi [35, 36].)
Define Wa :=W ⋉Q (the affine Weyl group) and W˜a :=W ⋉X (the extended
affine Weyl group). The latter is not usually a Coxeter group, but is important for
Lusztig’s p-adic group program; here we focus just on Wa. We say Wa is of type
X˜n if Φ is of type Xn. It is important to note that Wa is a dual version of the usual
affine Weyl group constructed by Bourbaki via the coroot lattice; this reflects the
influence of Langlands duality in Lusztig’s program.
As in the case of an arbitrary Coxeter group, the group Wa is partitioned into
two-sided cells (here denoted Ω). Each of these is in turn partitioned into left cells
(here denoted Γ) or equally well into right cells, each of which is the set of inverses
of elements in some left cell. These partitions arise (together with Kazhdan–Lusztig
polynomials) from comparison of the Kazhdan–Lusztig basis for the Hecke algebra
with the standard basis.
The definition of cells yields a natural partial ordering on the collection of two-
sided cells. The highest cell in this ordering contains just the identity element 1 of
Wa.
SinceWa acts simply transitively on the alcoves in the affine space E := R⊗ZX ,
the various cells can be identified with sets of alcoves. In this picture W labels the
family of alcoves around the special point 0. (Conventions differ in the literature;
for example, some authors work with right actions rather than left actions in this
context.)
1.2. Beyond these generalities, Lusztig develops more special features of cells
for Wa. Generalizing the case of a Weyl group, he defines in [19] an a-invariant
a(w) for each w ∈ Wa, constant on each two-sided cell and denoted a(Ω). This is
an integer between 0 and N := |Φ+|, defined combinatorially in terms of the Hecke
algebra. The a-invariant respects (inversely) the partial ordering of two-sided cells.
For example, a(Ω) = 0 precisely when Ω = {1}. At the other extreme, it turns out
that there is a unique cell Ω with a(Ω) = N ; this is the lowest two-sided cell [32].
1.3. With the help of the a-invariant, Lusztig shows thatWa has only finitely
many two-sided cells, each partitioned into finitely many left (or right) cells. It is
then natural to ask how many two-sided and one-sided cells there are. These
questions are extremely difficult to approach in a purely combinatorial way, though
they have been answered for type A˜n by Shi [31] and in some isolated low rank cases.
To formulate and prove general conjectures, some connection with the geometry of
the nilpotent variety and flag variety seems to be essential.
1.4. The lowest two-sided cell Ω has been explored thoroughly by Shi [32]. It
contains |W | left cells, each obtained by intersecting Ω with a Weyl chamber. The
entire antidominant chamber is one left cell. On the other hand, the intersection Γ
of Ω with the dominant chamber is a shifted version of this chamber: Taking 0 as
the origin in E, consider the special point ρ (the sum of fundamental weights) at
which translates of all root hyperplanes meet. Then Γ consists of the alcoves lying
on the positive sides of all these hyperplanes.
1.5. In [20], Lusztig defines a set D of distinguished involutions in Wa, as
follows. For w ∈ Wa, let ℓ(w) be its length and let δ(w) be the degree of the
Kazhdan–Lusztig polynomial P1,w(q). Then w ∈ D iff a(w) = ℓ(w) − 2δ(w), in
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which case w is shown to be an involution. Each left cell contains a unique distin-
guished involution. For example, in the dominant left cell of the lowest two-sided
cell Ω described above, the distinguished involution belongs to the lowest of the
|W | alcoves around the special point 2ρ. The distinguished involution in the an-
tidominant left cell of Ω is the longest element of W (if 1 corresponds to the lowest
dominant alcove).
1.6. Lusztig and Xi [28] show that each two-sided cell ofWa contains a canon-
ical left cell, whose corresponding alcoves all lie in the dominant Weyl chamber
C ⊂ E. In this way, C is partitioned into canonical left cells belonging to the
two-sided cells.
Chmutova–Ostrik [9] develop an algorithm to compute the distinguished invo-
lutions in all canonical left cells, with explicit tables given in low ranks. But it
seems to be more difficult to locate these involutions in arbitrary left cells.
1.7. Pictures of the cells for the affine Weyl groups of types A˜2, B˜2, G˜2 are
given by Lusztig [19, §11]. Paul Gunnells has used computer graphics to investigate
all three-dimensional cells as well.
Jian-yi Shi [31] has worked out the combinatorics in considerable detail for
type A˜n, while developing general tools such as “sign types” for the study of cells.
Other affine Weyl groups of low rank have been studied in a similar spirit by him
and a number of other people, including Robert Be´dard, Cheng Dong Chen, Jie Du,
Gregory Lawton, Feng Li, Jia Chun Liu, He Bing Rui, Nanhua Xi, Xin Fa Zhang.
2. Nilpotent orbits and cells
2.1. Denote by N the set of nilpotent elements in g := LieG. This is the
nilpotent variety (or nullcone). It consists of finitely many orbits under the adjoint
action of G, partially ordered by inclusion of one orbit in the closure of another. The
orbits range from {0} to the regular orbit, which is dense in N and therefore has
dimension 2N = |Φ|. Whenever p is a “good” prime (as in 3.1 below), there is a G-
equivariant isomorphism between N and the unipotent variety of G. Moreover, the
partially ordered set of G-orbits in N is isomorphic to the corresponding set for the
Lie algebra over C of the same type. Although Lusztig’s use of unipotent classes
is based in characteristic 0, the ideas therefore transfer readily to our situation.
(Jantzen [17] gives a helpful account with emphasis on characteristic p.)
Various other varieties and groups are associated with N . The flag variety B
of G may be identified with the collection of Borel subalgebras of g. If e ∈ N , the
set of Borel subalgebras containing e is denoted by Be. It plays an essential role in
the Springer resolution of singularities of N , where it is referred to as a Springer
fiber.
Let CG(e) be the centralizer of e in G, and denote by A(e) the finite component
group CG(e)/CG(e)
◦. The cohomology of Be with suitable coefficients (complex
or l-adic) vanishes in odd degrees and has commuting actions by the finite groups
W and A(e). We write simply Hi(Be). This is the framework for the Springer
Correspondence (see for example [17, §13]).
2.2. Soon after the Kazhdan–Lusztig theory was developed, Lusztig [18, 3.6]
conjectured the existence of a bijection between the collection of two-sided cells of
Wa (based as above on the root lattice rather than coroot lattice) and the collection
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of unipotent classes in G (or equivalently, the collection of nilpotent orbits in g).
This bijection should respect the natural partial orderings, with the cell {1} corre-
sponding to the regular nilpotent orbit and the lowest two-sided cell corresponding
to the zero orbit. (His ideas were formulated in characteristic 0 but adapt to our
setting when p is good.)
By combining a number of deep techniques, Lusztig was able to construct a
suitable bijection in [22]. Under his bijection, if the two-sided cell Ω corresponds
to the orbit of some e ∈ N , then a(Ω) = dimBe. But the order-preserving property
remained elusive except in low ranks. This was later proved combinatorially for
type An by Shi, while the general case follows from recent work of Bezrukavnikov
[5, Thm. 4].
2.3. In [18, 3.6], Lusztig formulated a further conjecture on left cells in terms
of the fixed points of A(e) on the cohomology of Be:
(LC) The number of left cells in the two-sided cell corresponding
to a nilpotent e should be equal to
∑
i(−1)
i dimHi(Be)A(e).
Due to the vanishing of cohomology in odd degrees, the contributions here are all
nonnegative.
While (LC) has not yet been proved in general, it agrees with direct calcula-
tions in low ranks and with the results of Shi for type A˜n [31, 14.4.5,15.1,17.4].
Here all component groups are trivial, while on the other hand the representation
of W on the cohomology is known to be induced from the trivial character of a
parabolic subgroup WI generated by reflections relative to a set I of simple roots.
(See the discussion in [17, p. 203]). When translated into the language of parti-
tions, the number |W |/|WI | agrees with the number of left cells found by Shi for a
corresponding two-sided cell.
2.4. As part of his more refined study of the “asymptotic Hecke algebra” in
connection with p-adic representations, Lusztig [22, §10] formulated more detailed
conjectures relating the cells with geometry. Fix a two-sided cell Ω corresponding
in his bijection to the orbit of e ∈ N , and let ΓΩ be its canonical left cell. Denote
by F a maximal reductive subgroup of CG(e), so F/F
◦ ∼= A(e). Write F̂ for the
set of isomorphism classes of irreducible representations of F .
Lusztig’s conjectural set-up involves a finite set Y , acted on by A(e), with
cardinality equal to the Euler characteristic of Be. The orbits of A(e) in Y should
be in bijection with the left cells in Ω, with a singleton orbit expected to correspond
to the canonical left cell. In general, the isotropy group in A(e) of an element y ∈ Y
corresponds to an intermediate subgroup F ⊃ Fy ⊃ F
◦. The representations of F
or Fy enter via a notion of “F -vector bundle” on Y or Y × Y .
This formalism is then subject to several requirements in [22, 10.5]. For exam-
ple, the representation of A(e) on H∗(Be) should be equivalent to the permutation
representation of A(e) on Y . (This recovers the statement (LC) above.) As a con-
sequence, one should have a natural bijection between ΓΩ ∩ Γ
−1
Ω and F̂ . For an
arbitrary left cell Γ corresponding to the orbit of y ∈ Y , the group F should be
replaced by the group Fy.
Out of this abstract framework emerges a conjectural bijection between pairs
(Oe, ϕ) and X+, where Oe is a nilpotent orbit and ϕ an irreducible representation
of CG(e). (Such a bijection was conjectured independently by Vogan.) Note that
when we work with Wa rather than W˜a, the root lattice Q replaces X .
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Bezrukavnikov has found suitable bijections in [4] and [3]; these are shown in [5,
Remark 6] to coincide. For other work related to Lusztig’s conjectures (especially
in this last formulation), see the individual and joint papers by Achar and Sommers
[33, 2, 1], Bezrukavnikov and Ostrik [30, 7], Lusztig [23], Xi [34, 35, 36].
3. Lie algebra representations in characteristic p > 0
3.1. The representation theory of g has been studied over a long period of
time: for surveys of earlier work, see [10] and [11]. In a series of papers, Jantzen
[13]–[16] has extended the theory considerably. Here we focus on just the simple
modules for the universal enveloping algebra U(g). These all occur as modules for
reduced enveloping algebras Uχ(g), which are finite-dimensional quotients of U(g)
parametrized by χ ∈ g∗. Those Uχ(g) for χ in a single orbit under the coadjoint
action of G are isomorphic, so one looks for a well-chosen orbit representative χ.
In order to obtain uniform results, Jantzen imposes several relatively weak
hypotheses (H1)–(H3) on g and p, which we also assume. For a simply connected
group, he requires the prime p to be good for Φ, which eliminates some root systems
when p = 2, 3, 5. Moreover, the algebras sl(n,K) with p|n should be omitted (or
replaced by the Lie algebras of corresponding general linear groups). Then there is
always a G-equivariant isomorphism between g and g∗, which transports the Jordan
decomposition in g to g∗.
Earlier work of Kac–Weisfeiler shows that the crucial case to study is that of
a nilpotent χ ∈ g∗ (corresponding to some nilpotent e ∈ g). Here one begins to
make connections with the results on nilpotent orbits summarized above and with
related conjectures arising in Lusztig’s work [24, 25, 26, 27]. From now on we
consider only the nilpotent case, subject to the above restrictions on p and Φ.
3.2. The blocks of Uχ(g) have been determined by Brown and Gordon [8].
As summarized by Jantzen [16, C.5], there is a natural bijection between the blocks
and the “central characters”, which in turn are parametrized by the W -orbits in
X/pX under the dot action w · λ := w(λ + ρ)− ρ. This is a Lie algebra version of
the Linkage Principle.
If e is the nilpotent element corresponding to χ, the component group A(e)
permutes the simple modules in a block. This action is understood only in some
special cases.
In general the simple modules in a given block are not easy to parametrize by
weights, though each can be obtained as a quotient of one or more “baby Verma
modules”: these are induced from one-dimensional modules for a Borel subalgebra
b satisfying χ(b) = 0. The choice of b affects this construction when χ 6= 0 if Be
has more than one irreducible component.
3.3. To make contact with the geometry of N , we look only at regular blocks:
those for which the weight parameters attached to simple modules lie inside alcoves.
This requires p > h (where h is the Coxeter number). Jantzen’s translation functors
then furnish information about other blocks.
For a regular block of Uχ(g), the work of Bezrukavnikov, Mirkovic´, and Rumynin
provides a geometric interpretation. Under the assumption that p > h, they prove
that the number of nonisomorphic simple modules in the block is equal to the Euler
characteristic of the Springer fiber Be: see [6, 5.4.3, 7.1.1].
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3.4. The best understood case involves a nilpotent orbit in g∗ containing some
χ in standard Levi form, which means that the corresponding nilpotent element e
is regular in some Levi subalgebra of a parabolic subalgebra pI of g (determined by
a set I of simple roots). All nilpotent orbits satisfy this condition for g = sl(n,K),
but in general things get more complicated. (See [13, §10], [15, §2], [16, D.1].)
Jantzen has studied simple Uχ(g)-modules (and their projective covers) in con-
siderable detail when χ has standard Levi form. In particular, each simple module
can be labelled as Lχ(λ) for one or more λ ∈ X . Here Lχ(λ) ∼= Lχ(µ) if and only
if µ ∈WI · λ+ pX , where WI is the subgroup of W generated by simple reflections
for α ∈ I and w · λ := w(λ + ρ)− ρ.
This can be pictured in terms of the alcove geometry of Wa, with the origin
of the affine space E taken to be −ρ and the translations all multiplied by p.
Jantzen calls the group Wp in this setting. Fixing a weight λ inside the lowest
dominant alcove, the orbit Wp · λ under the natural dot action contains (with
periodic repetitions) all weights needed to parametrize the simple modules in a
single regular block. In fact, it suffices to work with the |W | alcoves surrounding
a single special point such as −ρ. Then the induced action of WI on these alcoves
identifies those which correspond to the same simple module.
3.5. In [14, 16], Jantzen has also studied in depth the case of a subregular
χ: its G-orbit has dimension 2N − 2, where N = |Φ+|. Only in types An and Bn
does such an orbit have a representative in standard Levi form. But the simple
modules in a regular block of Uχ(g) can be correlated closely with the irreducible
components of Be (here a Dynkin curve), which helps to bypass the problem of
labelling by weights.
4. Simple modules and left cells
4.1. Here we suggest closer connections between the representation theory
discussed in §3 and the cells in Wp. While our ideas are speculative, they have
some support from computations in special cases (including unpublished work of
Jantzen as well as [12]).
Fix a regular block of Uχ(g), with χ nilpotent, and denote by S a complete set
of nonisomorphic simple modules in this block. As suggested by Bezrukavnikov,
this is a candidate for the finite set Y in Lusztig’s formulation discussed in §2. If χ
corresponds to e ∈ g, denote by L the collection of left cells of the two-sided cell Ω
corresponding in Lusztig’s bijection to the orbit of e. In case the component group
A(e) is trivial, the cardinalities of S and L are expected to be the same: compare
the theorem of [6] cited in §3 with the conjecture (LC) in §2.
Conjecture. Fix notation as above.
(a) There is a natural map ϕ from S onto L, whose fibers are the orbits of
A(e) in S.
(b) A simple module fixed by A(e) maps under ϕ to the canonical left cell Γ
in Ω. (We call this module “canonical”.)
4.2. The meaning of “natural” in part (a) of the conjecture has to be clarified.
What we have in mind is a simple recipe for assigning modules to left cells, but it
has only been made rigorous in special cases. Consider for example the case when
χ has standard Levi form, so the modules in S can be parametrized by weights in a
Wp-orbit which lie in alcoves surrounding any given special point v ∈ E. Suppose
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v can be chosen inside the dominant Weyl chamber in such a way that weights in
those surrounding alcoves which lie in the canonical left cell Γ suffice to parametrize
S. If w ∈ Wp ∼= Wa labels one of these alcoves, assign the corresponding simple
module to the left cell in Ω containing the alcove labelled by w−1. (It would still
have to be shown that this assignment is independent of the choice of the special
point.)
In particular, when w labels the distinguished involution in Γ, then w = w−1;
so the simple module in S corresponding to this alcove is assigned to Γ. That this
“canonical” simple module should be fixed by A(e) is suggested by the parallel
discussion in [22, 10.7].
In rank 2 cases all of this can be observed directly. But in general there are
serious combinatorial difficulties in working with the geometry of the cells even in
the good case when χ has standard Levi form. The first problem is to locate a
suitable special point v. One might look at the alcove containing the distinguished
involution in the canonical left cell Γ: this will be the lowest alcove in Γ attached to
some special point v. Do the surrounding alcoves which lie in Γ suffice to account
for all simple modules in S? In rank 3, where Gunnells has constructed pictures
of the cells, the evidence about the number of available alcoves is encouraging.
(But there is one nilpotent orbit of type C3 which seems to require an alternate
choice of special point. This orbit has an element in standard Levi form, while the
component group A(e) has order 2.)
4.3. The highest two-sided cell corresponds to the regular nilpotent orbit.
Here the related representation theory is quite transparent, since a regular block
has only one simple module (of dimension pN ).
At the other extreme, one can say quite a bit about the lowest two-sided cell
Ω, which corresponds to the zero orbit. Here the canonical left cell is just a shifted
version of the dominant chamber, whose geometry is transparent. The associated
representation theory comes from the group G, with simple modules parametrized
in the usual way by highest weights.
Using suggestions of Shi, we can argue as follows. Start with a special point
for Wp lying in Q such as v = 2(p − 1)ρ; the surrounding |W | alcoves lie inside
the canonical left cell Γ. If we write v = x · (−ρ) (with x a translation from pQ),
these alcoves are obtained by applying x to the alcoves around −ρ labelled by the
elements w ∈ W , and thus are labelled by elements xw. Now x−1 · ρ lies inside
the antidominant chamber, which is a single left cell of Ω. Since W acts simply
transitively on the Weyl chambers, we see that the alcoves labelled by the various
(xw)−1 = w−1x−1 all lie in distinct Weyl chambers and thus in distinct left cells of
Ω.
It is easy to see that the resulting bijection between S and L is independent of
the choice of v, since the role of W is independent of translations by elements of
pQ.
4.4. Jantzen’s study of the subregular case makes it possible to say something,
even though χ can be chosen to have standard Levi form only for root systems of
type An and Bn. In a regular block there is always an isolated simple module,
denoted L0 in [14, D.6] and associated with the longest element w0 of W . This
module is characterized in terms of its “κ-invariant” and has a projective cover of
smallest possible dimension.
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The dominant alcove A obtained by reflecting the lowest alcove across its upper
wall H contains the distinguished involution in the canonical left cell Γ; it is the
lowest alcove in Γ among those sharing the vertex obtained by reflecting −ρ in the
hyperplane H. In our framework it is natural to assign the simple module L0 to A
and thus to the left cell Γ. (This is motivated in part by the approach to computing
dimensions in [12], where H plays a key role.) Low rank evidence indicates that
the translate of A attached to the special point −ρ is in the same WI -orbit as the
alcove labelled by w0 in types An and Bn. Here I is the set of simple roots involved
in Jantzen’s choice of subregular nilpotent element.
For type G2, there are five simple modules in a regular block, three of equal
dimension being permuted by A(e) ∼= S3. Here the two-sided cell is finite, with
three left cells: the canonical left cell (to which L0 should be assigned) has 8
elements, while the others have respectively 8 and 7. Comparison with Lusztig’s
model, as developed by Xi [35, 11.2], shows that the triple of simple modules should
be assigned to the cell with 7 elements: here the isotropy group in S3 has order
2. However, it is unclear for root systems other than An, Bn, G2 how to assign the
simple modules other than L0 to left cells.
4.5. For a fixed nilpotent orbit, our broader hope is to model Lusztig’s con-
jectural set-up in full detail. Besides taking for the finite set Y the set S above, one
needs to bring in the action of CG(e). Still missing is a construction (presumably
based on Be) of suitable modules which carry compatible actions of g and F .
But there is a reasonable prototype in the case χ = 0. Here one starts withWeyl
modules V (λ) with λ ∈ X+. Their duals are realized as spaces of global sections of
line bundles on B (the Springer fiber in this case). With these modules one has a
Kazhdan–Lusztig theory, conjectured by Lusztig (for p not too small) to determine
simple modules L(λ) via an alternating sum formalism with coefficients depending
on Kazhdan–Lusztig polynomials for Wp. In turn L(λ) factors (by Steinberg’s
theorem) into a tensor product of a simple Uχ(g)-module and the Frobenius twist
of a simple module for G (which looks like the characteristic 0 version if λ is suitably
bounded relative to p).
One would like to find a similar construction for all χ. A geometric construction
of g-modules using the Springer fiber has been proposed by Mirkovic´–Rumynin [29],
but without the additional features indicated above.
4.6. When χ is fixed, motivation for correlating simple modules with left cells
comes indirectly from the experimental calculations reported in [12]. These are re-
inforced by Jantzen’s unpublished calculations in higher rank cases. The idea here
is that the geometry of lower boundaries of canonical left cells, together with the
placement of weights in alcoves, should play a key role in predicting the dimensions
(and formal characters) of simple modules. The experimental evidence also rein-
forces the suggestion above about the existence of a tensor product decomposition
of Steinberg type.
4.7. Lusztig’s conjectural framework works with a fixed nilpotent orbit or
two-sided cell. But there is additional motivation for assigning simple modules to
left cells when we compare one orbit with an orbit in its closure. When ψ is in the
closure of the G-orbit of χ, one expects that a simple Uχ(g)-module will “deform”
into a not necessarily simple Uψ(g)-module.
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On the level of Grothendieck groups, this would imply a recipe for writing
the dimension of the given simple Uχ(g)-module as a sum of dimensions of simple
Uψ(g)-modules. In all known cases these dimension formulas are given uniformly
by polynomials in p and the weight coordinates (compare [6, §6]). Experimentation
in low ranks by Jantzen and the author suggests that such decompositions may be
possible in a unique way.
Ostrik proposes that deformation should be studied in the context of projective
covers of simple modules. He suggests an interpretation of the process in terms of
comparison of Lusztig’s equivariant K-theory bases for the two Springer fibers:
these bases may be comparable even when the Springer fibers themselves are not.
Using this viewpoint he recovers for example our dimension comparisons in the case
of type G2.
In low ranks, the cell pictures related to our hypothetical assignment of simple
modules to left cells show an intriguing correlation with the computed degeneration
in dimension formulas. But all of this remains to be placed in a rigorous theoretical
setting, beginning with the process of deformation.
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